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ABSTRACT

There have been some recent studies to determine
if current carrying coils might be used as torquers for
attitude control of the AAFP Cluster by reacting with the
earth's magnetic field. A side aspect of this problem is
that forces act on these colils due to the gradient of the
field. The question is whether these forces will have an
appreciable effect on orbital parameters. A general expression
for the force on a coil in a magnetic field is derived. A dipole
model of the earth's magnetic field and the properties of a coill
suitable for attitude control are used to obtain numerical results
for 210 NM circular orbits in the equitorial plane and inclined
at 35 degrees. Three orientations of the coll are studied;
Case (a) assumes the plane of the coil in the plane of the
orbit and in Cases (b) and (c¢) the plane of the coil is
perpendicular to the orbital plane with its axis 1nertially
fixed. 1In Case (b) the normal to the coil area is in the
direction of the line of nodes and in Case (c¢) it is normal
to the line of nodes.

The maximum radial component of the force occurs in

Case (a) for the 35° inclination. Its value is approximately

-6 -
3.5x10 1bs, which 1s about 3.5x10 H of the gravitational

pull on the cluster. The maximum tangential ("drag") component
of the force occurs in Cases (b) and (c¢) for the 35° inclination.

Its magnitude is approximately 107° 1bs which is in the range

107%-107" or the aerodynamic drag on the cluster. It should
be noted that the tangential component of the force first
boosts and then opposes the motion of the vehicle in alternate
quarters of the orbit. The maximum value of the component of
force in the direction perpendicular to the orbital plane is

-6
about 1.6x10 1bs, and points first southward and then north-
ward in alternate halves of the orbit.

The force on a current carrying coil is negligible
compared to both gravitational and drag forces. Note that this
conclusion refers to the force and not the torque generated by
the field. The force effect should not, therefore, detract
from the magnetic control concept, but neither can it be used
to advantage for orbit keeping.
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I. INTRODUCTION

There have been a number of recent studies to
determine the feasibility of using current carrying coils
as torquers for attitude control of the AAP cluster by
reacting with the earth's magnetic field. Due to the
gradient existing in the field, forces as well as torques
act on the coils. The object of this memorandum 1s to
study these forces first from a general point of view,
and then to determine if their magnitudes will have an
appreciable effect on orbital parameters. The numerical
results are based on a coll suitable for attitude control
in a 210 NM circular orbit with inclinations of 0° and 35°.
Three coil orientations with respect to the orbital plane
are considered; the coll contained in the orbital plane and
two distinct orientations in which the coil is perpendicular
to the orbital plane.

IT. FORCE ON A COIL IN A MAGNETIC FIELD

Z

d
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Consider a coil carrying a current I which is placed
in a magnetic field B. The force acting acting on an element of
the coil, df, is

aF = T [al x B] %“%\‘ 16 (1)
Q@%L -NINE
CRAAQHON
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One can compute the total resultant force on the coll by
evaluating some line integrals; from (1),

T o= fdﬁ=1f[d2x§] (2)

Cc C

However, rather than evaluate (2) through the tedious process
of carrying out line integrals we can use one of the Stoke's
related formulas from general vector analysis.¥ The resultant
force from (2) becomes

F = f 4F = I f [alxB] = If (dAxv) x B. (3)

c c S

where dA=n dA, with dA being an element of area enclosed by the

coll and n the unit normal to the element of area positive in
the right-hand sense when traversing the contour so that the
area is always to the left. Then (3) becomes

E:IIL(Exv>x§]aA (4)
S

Expanding equation (1) provides some insight. If i, Jj,and k
are unit vectors in the x, y, and z directions, then

N A > (5)
n=n/i + nyj + nzk
B =B1+ Byj + Bk (6)
I Y-S B T
and Vet ity dotoag K (7

*See Simons, S.,Vector Mechaniecs, P. 139.
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The resultant force on the coil is,after expansion

- BBZ BBV BBZ B -
Fo= I‘é [nz 3%t Ny 3%~ (az * 3y )11
BBX BBZ BBX BBZ -
+ [nx a—y—' + nz '57" - ny ‘5‘}?— + _BZ—):] J
BBX 3B BBX 9B -

+ [n, R SEX -n, (33 + 3;1)] k f dA (8)

Observe that if é lies completely in one plane, say
the XY-plane, and the coll also lies completely in a plane
parallel to the XY-plane, then

B =0
z
and - -
n =%k
or
n, =n_=20,n_ =1
X y z
and Equation (8) becomes
- aBX oB -
F = [-I 5 1 3§X) dA] k
S
= [-I f (v « B) dAl k (9)
S

Equation (9) is a particular case result while Equation (8)
is completely general.
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IT. SOLENOIDAL FIELD

A vector filield ﬁ is
v «- F =Div F = 0.

- 4 -

said to be solenoidal if

The magnetic induction field, é, is

always solenoidal.* Thus,
- - BBX BBX BBZ
v B = Div B = X + 5y + Yol 0

A direct consequence of (10) is

that if the magnetic field

B and the coil are both contained completely in the same

plane, it follows from (9) that

Equation (10) also alters the more general result of (8).

From (10),

BBX 3B
3x (ay *
3B 3B
_.._X = (—_—25 +
oy dX
9B 9B
—Z = - (2
87 X
Combining (12) and (8) leads to

*
See Abrgham, M. and Becker, R.,Electricity and Magnetism,

P. 129,
"magnetic sources" or "charges".

3B
3z
3B
0Z
3B
3y

Div B=0 means physically that there exist no free

(10)

(11)

(12)
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X N 7z 93X
aBX 9B aBZ -
tliny g5 ¥y 55t 0y 55719
BBX B aBZ -
+ [nx 52V ny EEK +n, EE—] k dA
or in vector short-hand,
= - 3By T, .= 3B T - 3B, O
F—I]{[n ﬁ]1+[n.§§]j+[n az]k}dA (13)
S
Equation (13) is valid for any coil in a solenoidal field
(v+B=0). Equation (11) is valid for a particular orientation
of the coil only.
III. FURTHER SIMPLIFICATION
Suppose now that the coll is contained completely
in any plane. This is equivalent to speclfying a constant n
over the entire area bounded by the coil. Then (13) becomes
F =1 j {[i (n.B)1 1+ [£ (n'B)] I+ [ <5-§>JE}dA
3xX Iy 32
S
=1 f [grad (n-B)] dA
S
=1 j' [graa Bn] dA (14)
S

where Bn is the component of B along the normal to the area
bounded by the coil and

aBn - aBn - aBn

grad By = o= 1 + 55— J + 53K
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IV. EXAMPLE OF COIL IN EARTH'S MAGNETIC FIELD
y4

EARTH

FIGURE |

The earth's magnetic field will be represented
by a magnetic dipole whose dipole vector is aligned with
the earth's spin vector. The north pole lies on the
Z axis in Figure 1. 1In spherical polar coordinates, the
field is given by

M
= e - . - %
B = - ) [2 cos 8 e + sin o ee] (15)

Where IVIe is the earth dipole moment. The coordinates r, o,

and y and the unit vectors € €, and ew are defined in
Figure 1. Our primary interest is to determine the radial
and tangential (drag) components of the force on a current
carrying coil which is in an orbit inclined to the equator
through an angle i, the x-axis being the line of nodes. It
will then prove convenient to describe By in the spherical
coordinate system shown in Figure (2), obtained by

¥It is easily verified that v:B=Div B=0
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FIGURE 2

rotating the z and y-aXes through an angle 1 about the
x-axis. When p = n/2, r will be in the desired orbital

(xy'-) plane while &_, & and &_ will represent unit
r p t

vectors which are radial, perpendicular to the orbital plane
(POP) and tangent to the orbit, respectively. The relation-
ships between rpt-coordinates and reéij-coordinates are

I

sin 6 cos ¥ sin p cos t

sin 6 sin v sin p sin t cos 1 - cos p sin 1) (16)

cos 6 sin p sin t sin i + cos p cos 1

r =r
Three distinct orientations of the coil in the orbital plane
will be considered. The orientations will be denoted by

Case (a), Case (b) and Case (c).

a. Case (a) - Coil in orbital plane

If the coil is contained completely in the orbital
plane with its magnetic dipole pointing northward then the
normal to its area is

n=~3sini j + cos 1 k
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or, in rey-coordinates,

n = (-sin i sin e sin ¢ + cos 1 cos #6) e,

-( sin 1 cos 6 sin y + cos i sin 6) e6

- sin i cos v ;w (17)

From (15) and (17)

B, = g n
n

M

= - [2cos® (sin 1 siné sin ¢ - cos 1 cos®)
r

+ sing (sin 1 cos® siny + cos i sine)]

Me

= € [3 sin i cos® siné siny + cos i (1-3 cos?e)] (18)

3

r

In order to obtain B 1in terms of rpt-coordinates, combine (16)
and (18) to obtain

M
B, = ——2— {% sin i[sin2i sin?p sin?t + sin2p sin t(cos?i-sin?i)
r
—sin 2i cos?p] + cos i [1-3(sin?i sin?p sin?t

+%sin 21 sin 2p sin t + cos?i coszpi} (19)

qusidering variations in r, p, and t negligible over the region of
;ntegration, (14) may be approximated to a high degree of accuracy
y

F * IA(grad Bn)r=rc (20)

where A is the cross sectional area enclosed by the coil and r, is

the distance from the center of the earth to the center of the coil.
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- 9 -
In spherical polar coordinates
9 - 1 3 - 1 3 -
= — 4+ = —
grad () 3r ( )er r 3p ( )ep + r sin p 5t ( )et

and from (19)

grad (Bn) =
Me 3
-3 = Esin i[sin 21 sin?p sin2t + sin 2p sin t(cos2i-sin?i)
4
r
-sin 21 cos?p] + cos i1 [1-3(sin2i sin?p sin?t
+ —%—sin 2i sin 2p sin t + cos?i coszp]} ;r'
M

—% 3sin i[%sin 21 sin 2p(1+sin?t) + cos p sin t(cos?i-sin?i)]
r

-3cos i[sin?i sin 2p sin?t + sin 2i cos 2p sin t-cos2i sin 2p]}5

M
+ —= %sin i[sin 2i sin 2p sin 2t + sin 2p cos t(cos2i-sin2i)]
r*sinp

-3cos i[sin?i sin?p sin 2t + lsin 21 sin 2p cos t] }e
2 t

It is now noted that the z' axis in Figure 2 is normal to the
orbital plane; therefore angle p=n/2. By combining (20) and

(21), setting p=n/2 and writing the resultant force in terms

of Fr’ Fp and Ft components, we have

M _TA
F, = -3 eq {cos i+ 3(sin 1 sin 2i - 3 sin?i] sinzt}
Te
MeIA
F_= 3 cos 1 sin 21 sin ¢ s
b r b4
c
Ft =0

(21)

(22)

(23)

(2h)

|
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Note that if the inclination angle i=0 (orbital plane is
the equitorial plane)

M IA
F,=-3 " (25)
r
C
= 0 26
Fp (26)
F, =0 (27)

b. Case (b) -~ Coil perpendicular to orbital plane with
normal in the direction of line of nodes

If the coll is oriented perpendicular to the orbital
plane so that the normal to the area is always pointing in the
direction of the line of nodes,

n=1=sin6 cos § e, + cos § cos y e, - sin ¢ ew (28)

From (15) and (28) it follows

Bn =B . n = -3 —% [cos 6 sin 6 cos u] (29)
r

Combining (16) and (29) leads to
M

B, = -3 S [sin 1 sin®p sin 2t + cos i sin 2p cos t)
2r? (30)

The gradient of Bn is therefore
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- 11 -

M -
grad B. = 9 = [sin 1 sin?p sin 2t+cos 1 sin 2p cos tle
n orh r
Me -
-3 = [sin i sin 2p sin 2t+cos i cos 2p cos t]e
r
M 1 -
- 3 [sin 1 sin?p cos 2t- 5cos 1 sin 2p sin t]et (31)
r*sin p

Equations (20) and (31) give for the components of the force on

the coil (with p=

Es]
1]

&3]
(]

and F

Note that for an

&3l
!

T/2)

M
9 —S— TA sin i sin 2t
2r'CL+

M
3 £ IA cos 1 cos t

i
r
[¢]

M
-3 -5~ 1A sin i cos 2t

r 4
C

equitorial orbit (i=0)

M

= 3 —9: IA cos t

r
c

(32)

(33)

(34)

(35)

(36)

(37)
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c. Case (c¢c) - Coil perpendicular to orbital plane with
normal perpendicular to the line of nodes

Here, the normal to the coll area is

n=cos i1 Jj+sin ik

= (cos 1 sin 6 sin ¢ + sin 1 cos e)er
+ (cos i cos 6 sin ¢ - sin i sin e)ee

+ cos 1 cos ¢ e

8

v (38)

It can be shown that Bn in terms of rpt - coordinates is

B, = - ——% {3005 i[%sin 2i sin?p sin2t+%—sin 2p sin t(cos?i-sin?i)
- %sin 21 cos?pl-sin i[1-3(sin?i sin?p sin?t

+ %sin 21 sin 2p sin t + cos?i coszp]} . (39)

Taking the gradient of (39), combining it with (20) and setting
p=n/2 gives for the resultant components of the force

MeIA
Fr = 3 . sin i3 sin?t - 1] (40)
e
MeIA
F_ ==3 [(sin?i cos i ~ cos3i) sin t] (41)
p r 4
¢
MeIA
F, ==-3 sin i sin 2t (L42)
t P b
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For an equitorial orbit (i=0)

F =0
r
MeIA
F =3 sin t
p r 4
c
Ft =0

V. NUMERICAL RESULTS

(43)

(4b)

(45)

Preliminary results¥* indicate that a coil made of

aluminum cable, circular in shape with a 100 ft diameter and
weighing about 195 1lbs 1s an appropriate design on which to
base the numerical results. The average power is 411.5 watts
and current (RMS) is 222.8 amps.

The coil will be assumed to be in a circular 210
orbit*%* gnd inclinations of 0° and 35° will be considered.

Case (a)

i=0° (From (25), (26) and (27))
6

F -1.62x10"° 1bs.

r

Fp = Ft =0

i=35° (From (22), (23) and (24))

(F, = -1.62x10"°[.81915-1.34sin 2t] 1bs.

F = -3.49x107° 1pbs @t= 3T , [T
r
{ max 4 4
F = 1.25x10"°%sin t 1bs.
~ F_= 0

¥ Bagsed on discussions with J. Kranton and B. W. Moss.

¥¥Properties of the earth’s magnetic field were obtained
the TRW Space Data Handbook, P. T78.

NM

from
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Case (b)
i=0° (From (35), (36) and (37))
Frth=O
F = 1.62x10"%cos t 1bs.
i=35° (From (32), (33) and (34))
fFr = 1.34x10"%sin 2t 1bs.
ﬁ Fp = 1.33x10-600s t 1bs.
F, = 0.93x10" °cos 2t 1bs.
¢
Case (c)

i=0° (From (43), (44) and (45))

Fr = Ft =0

6
F 1.62x10 sin t 1bs.

b

1=35° (From (40), (41) and (42))

-6
’Fr = 0.,93x10° [3 sin?t-1] 1bs.

F = 1.86x10"°% 1bs @t=n/2, 31/2
I)maX

_6
Fp = 0.45x10° sin t 1bs.

-6
\Ft =-0.93x10 sin 2t 1bs.
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VI. DISCUSSION OF RESULTS

Case (a): With zero orbit inclination, there is only a
radial component of the force. It is constant in magnitude
and direction, pointing always towards the earth's center.*#
At a 35° inclination, the radial component, Fr’ oscillates

-6
about a mean value of -1.33x10 1bs. and depends on the
sine of twice the angle t. It reaches a maximum value of

3.M9x10-6 lbs., at t=3n/4, Tn/4. The POP component varies

as sin t, therefore pointing southward for O<t<r and north-
ward for mn<t<2r. The tangential (drag) component, Ft’ remains
zero for the inclined orbit.

Case (b): For i=0, Fr and F, are zero while the POP

component varies as cos t pointing south for t in the right
half plane and north in the left half plane. When 1=35°,
the Fr component depends on sin 2t and therefore points away

from the earth when O<t<n/2, w<t<3n/2 and is toward the earth
when n/2<t<n, 3n/2<t<2n. The POP component again oscillates in
magnitude and direction according to cos t. A tangential or
"drag" component, F,_, makes its first appearence and is

t -6
approximately equal to 10 cos 2t 1bs. Ft switches from a

"thrust" force to a "drag" force in alternate quarters of the
orbit.

Case (c): The only uniquely different occurence in this
case concerns the dependence of Fr on sin?t for i=35°. The

maximum value of Fr is attained at t=«/2, 3n/2 and is equal

to 1.86x107°% 1bs.

Comparing the magnitude of the forces acting on
a current carrying coil to other environmental forces, it is
found that the ratio of the maximum tangential force to the

=3 b
aerodynamic drag on the cluster is in the range 10 - 10

In addition, the force is of the same order of magnitude as
the force due to solar pressure.

¥Directional properties are naturally dependent on direction
of current through the coil.
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It can thus be concluded that the force on a
current carrying coil 1s negligible compared to the drag
forces anticipated for the AAP mission. The force effect
should not, therefore, detract from the magnetic attitude
control concept, but neither can 1t be used to advantage
for orbit keeping. However, for other than AAP missions
with a comparable size vehlicle, there exists a cross-over
point in the vicinity of 900 n.m. at which the forces on
a current carrying coil can exceed the aerodynamic force.
On the other hand, the solar pressure at 900 n.m., which
remains relatively constant (being inversely proportional
to the square of the distance from the spacecraft to the
sun), can give rise to forces in the range of ten times
the aerodynamic and coil forces., Therefore, there can
exist conditions for which forces in current carrying
colls cannot be considered negligible compared to other
environmental effects; at the same time, without major
changes in the coll design (increases in power and diameter
for example), they will probably not constitute the dominant
effect.
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